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which yields a median value of 1.177¢. Similarly, the
voltage exceeded 10 percent of the time is:

- -]
01= / pv (v) dv @)
v
This gives a 10 percent time voltage of 2.1460.

From this it is apparent that the voltage exceeded 10
percent of the time for a Rayleigh distribution is always
about 5.2 dB higher than the median voltage. If the 10
percent time voltage is known or calculated using propa-
gation curves, it can be used to find ¢ and thereby fully
describe the distribution.

While measurements show that the short term (within
an hour) variations in the signal envelope amplitude are
Rayleigh-distributed, measurements taken over a longer pe-
riod of time (from days to months) show a statistical vari-
ation in the median received field strength which is more
closely described by a lognormal distribution {3,4].

The lognormal pdf is given by

—(lnv - a)’] (5)
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where g is the mean value. The lognormal cdf is given
by

1 (Ln__:ﬂ)]
Pv(v)—2[1+erf( o3 (8)
where erf is the error function.

As shown above, the 10 percent time voltage for the
Rayleigh distribution is only 5.2 dB above the median value.
However, it is common in currently employed skywave field
strength prediction methods to set the 10 percent time value
at 8 dB [5] or 10 dB [1] above the median value, indicating
that the lognormal distribution is the appropriate choice
to describe the long term variations in the skywave signal
strength.

3.0 COMPUTATION OF THE COMPOSITE
INTERFERENCE PDF

In most situations, the total skywave interference at a
given point in a station’s coverage area is the sum of sev-
eral co-channel interfering signals arriving from different
stations with different power levels and transmitting an-
tenna characteristics. Typically, the interfering signal from
each is computed using the 10 percent time amplitude FCC
propagation curves, and taking into account the interfering
station’s radiated power and antenna radiation character-
istics at the appropriate vertical departure angle which re-

sults in an ionospheric reflection at the given point in the
desired station’s coverage area.

The total power in the composite interfering signal is
the sum of the power of the contributing interfering signals.
This power is given by the envelope voltage squared divided
by the receiver input impedance. As shown above, for each
interferer the 10 percent voltage can be used to find o?
which is then an indication of the power contributed by
that interferer.

The problem of adding up the interfering signals can
be easily solved by recognizing that each interfering enve-
lope voltage can be resolved into quadrature voltage com-
ponents, each of which is a gaussian random variable (r.v.).
The gaussian quadrature components of all the interferers
can then be added to yield a composite gaussian r.v. with
o2 of the sum equal to the sum of the constituent ¢? from
each interferer and with a mean value equal to the sum of
the mean values. If N(a,o?) is used to indicate a normal or
gaussian-distributed r.v., then the distribution of the sum
of any M gaussian r.v.’s is given by:

N[iam,i'a,’n] ™

m=1 m=1

Since all of the skywave signals have zero mean values
(i.e., no d.c. component), the sum of the mean values a,, in
(7) is zero.

Each of the individual o3, can be found from the pre-
dicted 10 percent time voltage as described above. By sum-
ming the o3 for both quadrature components, the quadra-
ture components can then be used to find the Rayleigh dis-
tribution of the composite envelope voltage with

M
oi=>) on (8)
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This composite ¢ can now be used to find the median
value of the Rayleigh distribution which describes the to-
tal interference; that is, median = 1.17707. This median
value is then used for a in the lognormal distribution pdf
equation given in (5). The standard deviation of the log-
normal distribution as indicated by ¢ in (5) can be set to
correspond to 8 or 10 dB as found in [5] or [1]. For FCC
purposes, the upper decile value is 8 dB above the median,
which corresponds to o = .72 in equation (5).

The value of o in the lognormal distribution given above
produces the appropriate distribution when the voltage lev-
els are around 1 mV/m or less. At higher voltage levels, the
distribution is somewhat skewed.

It is recognized that this transition from the Rayleigh
distribution to the lognormal distribution is a simplified,
ad hoc approach. This ad hoc approach is not incorrect,



however, because the empirical data on skywave amplitudes
generally falls between a Rayleigh distribution and a lognor-
mal distribution. In other words, the distribution of ampli-
tudes cannot be strictly characterized as Rayleigh or lognor-
mal using some statistical-physical model of the ionospheric
reflection mechanism. The distributions are approximate,
empirical models which represent a reasonable match to the
data. However, a more refined analysis of the interdepen-
dence of the two distributions can be done. This analysis is
presented in the next section.

4.0 CONDITIONAL DISTRIBUTION OF RAYLEIGH
SKYWAVE SIGNAL AMPLITUDES

In [4], the skywave amplitude is described as being
Rayleigh-distributed over short periods (hours) with the
median hourly value of this Rayleigh distribution itself a
random variable (over long periods) with a lognormal dis-
tribution. The envelope .oltage at any time, then, is a
conditional Rayleigh probability density function which de-
pends on lognormally-distributed median values.

If pv(v) represents the pdf over all time, then py(vls)
represents the conditional pdf with median value s where 2
is a lognormally-distributed r.v. For a Rayleigh-distributed
r.v., the median is proportional to the standard deviation
(z = 1.1777), 8o that one can write

v —y?
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Our objective is the unconditional pdf py (v) which is
given by

)= [ ~ v (vls) pals) ds (10)

where pz(2} is a lognormal pdf. Substituting the appro-
priate pdf’s into (10) yields

pv(v) = /: (3/1."177)2 “p[z(zl_lf"")’]

1 ~(lnz - a)?
Va3 eJ‘P[ 293 ] dz (11)

Rearranging terms results in

(v) = * 1.385¢3 o —v? —(lnz - a)? ds
W= | vared P|2(z/L17T) 203
(12)

This somewhat cumbersome integral can be solved nu-
merically to find the unconditional pdf for v over all time.
The mean value of the lognormal distribution given by a in
(12) would be found from the average of the hourly median
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values over a long period of time. As before, the value of
o can be chosen so that the voltage exceeded 10 percent of
the time approximately matches the data.

5.0 COMPUTATION OF THE PDF FOR THE
SIGNAL-TO-INTERFERENCE RATIO

The pdf for the SIR can be found by first converting the
lognormal pdf from (5) in volts to a pdf in dBmW and doing
the corresponding process for the desired signal amplitude
in volts. The pdf of the SIR in dB is then found by sub-
tracting the interference pdf in dBmW from the signal pdf
in dBmW.

The signal amplitude in dBmW and the interference am-
plitude in dBmW are both random variables so that the SIR
is also a random variable. The pdf of the sum (or differ-
ence) of two r.v.’s is given by the convolution of the pdf’s,
as follows:

p3(z) = px(z) * pr (-y) (13)

For this case, z represents the SIR, z represents the de-
sired signal level in dBmW, and y represents the interference
level in dBmW.

The process of converting the envelope voltage pdf in
volts (or mV/m) to dBmW across 1 ohm starts with the
relationship:

§ =20log(mV)-30 dBmW (14)

where S is power and mV is the voltage in millivolts. If
the relationship between two quantities is known, the pdf
for one can be found in terms of the pdf for the other using
the following relationship:

;d_g
ds

ps(s) = pv(v) (15)

Starting with (14) and performing the operations indi-
cated by (15), the resulting pdf for the power s in dBmW
is

In 10
PS(-’) = pv(lo((a+30)/10)) 10((0+30)/10) —26— (16)

The pdf for py(v) is given by (5). To find ps(s), it is a
matter of substituting the argument

10(('4’30)/10)
into equation (5) for v, and multiplying in the other com-

ponents of (16), to arrive at the final equation for the pdf
of s in dBmW.
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The convolution in (13) can now be performed. Since
this analysis was implemented on a computer, the convolu-
tion was done by a numerical method which is somewhat
more efficient than the straight multiplication and summa-
tion approach. The technique goes as follows:

1. Take the Fast Fourier Transform (FFT) of each pdf
2. Multiply the two FFT’s together
3. Take the inverse FFT of the resuilt from step 2.

Since FFT’s can be done very rapidly, this approach to
a convolution is much faster than the straight multiplying
method.

The convolution in (13) was performed using a constant
desired signal amplitude of 1.0 mV/m (-30 dBmW across 1
ohm) and several different combinations of interfering sig-
nal amplitudes corresponding to various interference “exclu-
sion” principles currently under consideration for frequency
allocation purposes. Note that the pdf of the constant am-
plitude desired signal is simply a delta function at the signal
level -30 dBmW.

Tables 1 through 5 show tabulations of various percent-
time points for which the SIR is exceeded for the cases which
were studied. The results show that for the addition of one
interferer at the 50% exclusion level (that is; it would not be
permitted if its amplitude were greater than 50% of the first
interferer), that the SIR at the 50% time point is degraded
by about 1 dB. This is found by comparing the 50% percent
time points in Tables 1 and 2. For the 25% exclusion case,
the degradation in SIR is about 0.27 dB (compare Tables
1 and 3). Similarly, for the four additional interferers and
50% exclusion, the SIR is degraded about 3 dB from the 1
interferer case. For 25% exclusion, the SIR is degraded by
about 1 dB.

6.0 COMPUTATION OF THE PDF FOR THE SIR
FOR A TIME-VARYING DESIRED SIGNAL

If the constant amplitude desired groundwave signal rep-
resented by z in (13) is replaced with a time-varying sky-
wave signal (such as the 50% time secondary skywave ser-
vice of Class I-A stations in the United States) the analysis
in the last section can be repeated and a new set of SIR
statistics produced for such skywave coverage areas. The
lognormal pdf for the desired signal is established using the
50% time (median) value and the same o value used before
to set the upper decile point at 8 dB above the median.
Convolving the resulting desired signal pdf in dBmW with
the combined interference pdf in dBmW yields the SIR pdf.

The results of this process are shown in Tables 6 through
10. The tables show that the 50% time degradation in SIR
- is about what it was for the constant amplitude case. How-
ever, the standard deviation of the SIR is much greater ow-
ing to the spread in the desired signal amplitude. The 90%
time point for the single interferer case (Table 6) is about
11 dB below the median value. The relative differences in

the SIR statistics between the 50% exclusion and 25% ex-
clusion cases are the same as for the constant amplitude
desired signal case discussed in Section 5.0.

7.0 IMPACT ON SIR OF MULTIPLE INTERFERERS
VERSUS A SINGLE INTERFERER

For frequency allocation purposes in the United States,
it is common to use the root of the sum of the squares
(RSS) of the amplitudes of multiple interferers to arrive at
an indication of the signal-to-interference ratio. Currently,
this RSS calculation is done using the 10 percent time sig-
nal amplitudes for each of the interferers as given by the
appropriate propagation curve. This procedure suggests to
some that a “worst case” assumption has been made that
the 10 percent time signal level from each interferer is con-
tinuously present rather than present or exceeded only 10
percent of the time.

It is easy to show that the probability of multiple in-
dependent interferers all exceeding their 10 percent levels
simultaneously at any given time is much smaller than 10
percent. However, only considering whether or not a 10
percent threshold is exceeded provides a very incomplete
description of the sum voltage of multiple interferers since
the contributing voltages involved are continuous, rather
than discrete, random variables. To find the complete sta-
tistical description of the sum voltage, an approach like that
taken in Section 3.0 of this paper must be used where the
continuous statistical voltage variation of the constituent
interferers is explicitly taken into account.

Consider the case of N interferers where the rms voltage
of the 4 interferer is given by v/20;. From Section 2.0, for a
Rayleigh distribution the 10 percent time voltage is 2.1460:.
The RSS of the 10 percent time voltages of this set of N
interferers is then

RSS = i(2.1460.-)’ (1)
\ =1
N
RSS = \ 4.605 ) o? (18)

Now consider a single interferer with an rms voltage V20,
and with a power level equal to the sum of the powers of
the N individual interferers. The total power for the sum of
the N interferers is the sum of the individual powers. The
individual power for each (across 1 ohm) is given by the rms
voltage squared, or 20?. The sum of these powers is then

N
Total power = Pr = Z 203 (19)

=1

The equivalent single interferer will have a power equal
to Pr. The power of this single interferer across 1 ohm is
also equal to its rms voltage squared, or 203.



TABLE |
Constant desired signal amplitude: 1.00 mV/m
102 time amplitude of interferer |: 0.0500 mV/m

Percent Time Signal-to-Interference Ratio Exceeded:

90 % 26.11 dB
80 28.86
70 30.84
60 32.54
50 - 34.12
40 35.70
30 37.40
20 39.38
10 42.13
TABLE 2

Constant desired signal amplitude: 1.00 mV/m

10% time amplitude of interferer 1Il: 0.0500 mV/m
10% time amplitude of interferer 2: 0.0250 mV/m

Percent Time Signal-to-Interference Ratio Exceeded:

90 % 25.09 4B
80 27.85
70 29.83
60 31.52
50 33.11
40 34.69
30 36.39
20 38.37
10 41.12
TABLE 3

Constant desired signal amplitude: 1.00 mV/m

102 time amplitude of interferer l: 0.0500 mV/m
102 time amplitude of interferer 2: 0.0125 mV/m

Percent Time Signal-to-Interference Ratio Exceeded:

90 % 25.83 dB
80 28.58
70 30.57
60 32.26
50 33.85
40 35.43
30 37.12
20 39.11

10 41.86

Constant

10% time
10% time
10% time
10% time
102 time

Percent Time

TABLE 4

desired signal amplitude:

amplitude
amplitude
amplitude
amplitude
amplitude

of
of
of
of
of

Constant

10X time
10% time
102 time
10% time
102 time

Percent Time

TABLE 5

desired signal amplitude:

amplitude
amplitude
amplitude
amplitude
amplitude

of
of
of
of
of

1.00 mV/m
interferer 1: 0.0500 mV/m
interferer 2: 0.0250 mV/m
interferer 3: 0.0250 nV/m
interferer 4: 0.0250 nmV/m
interferer 5: 0.0250 mV/m
Signal-to-Interference Ratio Exceeded:

22.96 dB

25.71

27.69

29.39

30.97

32.55

34.25

36.23

38.98

1.00 mV/m
interferer 1: 0.0500 mV/m
interferer 2: 0.0125 mV/m
interferer 3: 0.0125 aV/m
interferer 4: 0.0125 mV/m
interferer 5: 0.0125 mV/m
Signal-to-Interference Ratio Exceeded:

25.09 dB

27.85

29.83

31.52

33.11

34.69

36.39

38.37

41.12



TABLE 6
50% time desired signal amplitude: 1.00 mV/m
10% time amplitude of interferer 1: 0.0500 mV/m

Percent Time Signal-to-Interference Ratio Exceeded:

90 2 22.79 dB
80 26.68
70 29.49
60 -~ 31.88
50 34.12
40 36.36
30 38.76
20 41.56
10 45.45
TABLE 7

50% time desired signal amplitude: 1.00 aV/m

102 time amplitude of interferer l: 0.0500 mV/m
102 time amplitude of interferer 2: 0.0250 mV/m

>

Percent Time Signal-to~Interference Ratio Exceeded:

90 2 21.78 4B
80 25.67
70 28.47
60 30.87
50 33.11
40 35.35
30 37.74
20 40.55
10 44,44
TABLE 8

507 time desired signal amplitude: 1.00 mV/m

10%2 time amplitude of interferer l: 0.0500 mV/m
107 time amplitude of interferer 2: 0.0125 mV/m

Percent Time Signal-to-Interference Ratio Exceeded:

90 2 22.52 4B
80 26.41
70 29.21
60 31.61
50 33.85
40 36.09
30 38.48
20 41.29

10 ) 45.17

50% time

10% time
10% time
10% time
10X time
10% time

TABLE 9

desired signal amplitude: 1.00 mV/m

amplitude of interferer
amplitude of interferer
anmplitude of interferer
amplitude of interferer
amplitude of interferer

[V B R T el

Percent Time Signal-to-Interference

0.0500
0.0250
0.0250
0.0250
0.0250

Ratio

nV/m
mV/m
mV/m
mv/m
nV/m

Exceeded:

S0%2 time

10% time
10X time
10% time
10X time
102 time

19.64 dB

TABLE 10

desired signal amplitude: 1.00 mV/m

amplitude of interferer !: 0.0500 nV/m
amplitude of interferer 2: 0.0125 nV/m
amplitude of interferer 3: 0.0125 mV/m
amplitude of interferer 4: 0.0125 mV/m
amplitude of interferer 5: 0.0125 nV/m
Percent Time Signal-to-Interference Ratio Exceeded:

21.78 dB

25.67

28.47

30.87

33.11

35.35

37.74

40.55

44,44



N
203=)_ 277 (20)
i=1
The 2’s cancel so
N
g0 = Z a? (21)

The 10 percent time voltage for this single interferer is

2.1460¢9 oOr
N
10 percent time voitage = 2.146 Z o? (22)
=1

The RSS of the 10 percent time voltage of this single
interferer ia just

1 N 3
RSS= | (2.146 a,?) (23)
k=1 i=1
N
RSS = ,|4.608 ) o? (24)
i=1

Since the RSS value for the single interferer equals the
RSS value for the sum (equation (18)), the variances are
also the same and the Rayleigh distribution of the single
interferer is the same as the Rayleigh distribution of the sum
of the multiple interferers. It is clear, then, that regardless
of the number or amplitude of the multiple interferers, the
effect of the sum of interferers on the SIR is the same as the
effect of a single interferer with equivalent power.

It should be noted that this analysis applies only to the
ratio of the desired signal power to the total undesired signal
power. It does not deal with the psychoacoustical effects,
or listenability, of a single interferer versus multiple inter-
ferers. One might intuitively argue that a single interferer
will more drastically degrade listenability than multiple in-
terferers (though the SIR is the same), because the single
loud interferer will cause more distraction from the desired
program than will a “babble” of lower level interferers. Lis~
tenability tests of various interference circumstances will
ultimately be needed to resolve this issue.

Since a Rayleigh distribution with ¢ = oo provides a
complete description of the statistical characteristics of the
sum of N interferers, it is now possible to return to the
earlier question of the probability that the sum voltage will
be equal to or above some combination of 10 percent time
voltage levels from the individual interferers. For example,

assume that N = 8 and that each of the eight interferers”

has a 10 percent time amplitude of 2.146c. The probability
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that the sum voltage will be, for instance, four times the 10
percent time voltage of one interferer is

Probabili = ht —v14 (25)
roba 1'ty=/ —exp[—-—] v 25
4x3.1480 90 203

From equation (21), and with N =8, we have

N
oo = ,] Y o? =2.8280 (26)
=1

Putting this value of oo into (25) and performing the
integration (from (3))

(27)

- 3
Probability = exp[ (8.5840) ]

2(2.8280)2

This results in a probability of 0.009998 that the sum
voltage will exceed 4 times the 10 percent time voltage of a
single interferer.

For this case, the ratio of the 10 percent time voltage of
the sum to the 10 percent time voltage of one of the eight
constituent interferers ( with all the o;’s the same) is

N 3 |
28V o o e ()

2.1460;

8.0 CONCLUSIONS

The foregoing analysis used statistical descriptions for
the amplitude of a desired AM broadcast groundwave sig-
nal and multiple interfering skywave signals to develop a
statistical description of the desired signal-to-interference
ratio. The resulting probability density function was used
to evaluate the percentage of time SIR’s are exceeded with a
variety of interfering signal combinations. The results show
that adding four equal interferers, each at a level equal to
50% of a first interferer, degrades the 50% time SIR by a
little more than 3 dB. If the four added interferers are all
set at a level equal to 25% of the first interferer, the 50%
time SIR is degraded by only 1 dB.

A similar analysis was conducted using a time-varying
desired signal with a lognormal amplitude distribution. The
results show that the spread of the SIR distribution in-
creases so that the 90% time point is about 11 dB below
the 50% time point. However, the relative changes in the
SIR statistics between the various combinations of inter-
ference cases is the same as for the study with a constant
amplitude desired signal.
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A comparison of the impact on the SIR of multiple in-
terferers with the impact on the SIR of a single interferer
of equivalent power shows that the effect was the same in
both cases.
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Appendix G
Instructions for Operation of Program "SKYIN"

Introduction

These instructions describe the operation of a computer
program to calculate signal-to-interference ratio statistics for
AM broadcast groundwave and skywave signals in the presence
of multiple skywave interferers.

Diskette description

The diskette is a double-density 5-1/4" 360 kb floppy. The
master diskette contains the executable file SKYIN.EXE. The
source code file SKYIN.FOR is available on a separate diskette
from NAB upon request. The program may be copied, such as
to a hard disk, but no additional disk space is necessary for
program execution. The program was compiled with
Microsoft FORTRAN v4.01 and is designed to run on almost
any PC-compatible computer.

Hardware requirements

A typically equipped PC with 256 kb or more is required.
The program was designed to use the capabilities of the math
coprocessor.— The program contains emulation routines that
will permit it to run without the coprocessor, but it will run
more slowly. A coprocessor-equipped machine is
recommended.

All output data appears on the screen. Neither a printer nor
graphics capability is required.

Program description

Users should familiarize themselves with the paper,
"Signal-to-Interference Ratio Statistics for AM Broadcast
Groundwave and Skywave Signals in the Presence of Multiple
Skywave Interferers,” by H. Anderson, which is Appendix F of
this report. The paper describes the calculations made by the
program and gives several examples.

Program execution

The program is run by typing "SKYIN<ret>". After a title
screen appears, the user is asked to select a constant amplitude
or lognormal-fading desired signal and to enter its amplitude.
If a lognormal-fading signal is selected, there will be a delay
while the computer calculates its probability density function
(pd).

The user is then asked for the number of interferers (up to
10) and their amplitudes, and the computer begins its
calculations. When the calculation is complete, a results
screen will be displayed which tabulates all of the input data
and the signal-to-interference ratio exceeded from 10% to 90%
of the time in steps of 10%. Results can be printed using the
"PrtSc” keyboard command. The user can then select another
run or exit from the program.
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